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. _ c bain A 

cotB=z—. — ; — cot.4 ; a= . „ . 
oainA sinB 

Find logarithm of bsiaA in the column for a; then in the column for B, 

find . as a logarithm, then as a number; to find B, use the table of natural 

cotangents. 

If a solution wholly logarithmic is desired, take 

„ bsinA _ sin.4sin0 bsiaA 

tan* = ; tan£= . , . — ; a= ■ . . D . 



INTEGRATION OF ELLIPTIC INTEGRALS. 



By GEORGE B. McCLELLAN ZEEE, A. M., Ph. D., Professor of Mathematics and Science, Chester High Schoool, 

Chester, Pa. 



[Continued from November Number.] 

Since all the expressions in the form of 

J** sin«0cos 2 »+ 1 0(l-e«sin*0)''d6i=O, 

(where a, b, c are integers), we will not consider them in our subsequent, treat- 
ment. From (13 ) we have, 

J V (l-e*sin*6>) — J j7 Cl-e B sin^) J v 7 (l-e*sin s 0) ' 

•••foV(l-°3*) -JK^' ^)-d-^)f(e, |« H . (4). 

If »=0in (10 ), i s =f[(l+e ! )A]i,-i4 . 
1 z" 2 * cos2<pd<p 

'•^-~irJ 



(l+e 8 -2ecos0)4 
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■[(2+«»)*X«, i7c)—2(.l + e*)E(.e, *»)] (14,). 



3?re 

/" 2 " 4e 8 sin< t fl+l-2(l + <; 2 )sin 2 fl 
''Jo ,/(l-e 3 sin 2 0) 

= ™[(2+e 2 )2^, ljr)-8(l+e»)JJ(«, J«r)] (16 ). 

s /*** sin *6>dtf /"** dfl „ . 8 /"*' ain«gdg 

"' Jo V (l-a f sin»«0 + Jo i/ (l-«*sin*«0 Ui ~ e } J o ,/(l-e 2 sin 2 0) 

= -5nrC(2+«*)*X«, *a-)-2(l+* 2 )£(e, »*)]. 

.*. From (1) and (3) by substitution we get, 

JT 7TraW-= 3>^>^ ^2C1*..^ »«» (5). 

/fr sin 4 ^ _ A" ain'ddd r&- sm^coB^dfl 

o i/ (l-.e i ain*0J~~J <> j/ (l-e 2 sin 2 0) Jo 1/ (l-e 2 sin 2 0) ' 

.•. From (3) and<5) by substitution we get, 



.(6). 



/i" sin, 2 0C0S 8 0d# 1 r .„ „ NF -„ ._ „,, ,,ev t m 
. TTI^Hn^j— 3^- [(2 ~ e )£(6 ' **)-«!-•>«..*«)] 

/J" 8in 2 0cos 8 0d0 _ /^*» cosWdf) __ /•** cos^dfl 
|/ (l-e 8 sin26»)~ J j/ (l-e«sin 2 0) J V (l-e 8 sin 2 0) " 

.•. From (4) and (6) by substitution we get, 

JT 1/ ■ (!-■■!% = 3^[C2-5e^3e 4 )^, i*)-2(l-2e 8 )i^ J,)] (7). 

(16,) may be written as follows : 

& dO n rh* . . ' ' /*i* sin s 0cos 8 0d0 

J 7-n '> -■— aiK 2 1 |/(1— e 3 sin 8 0)sin 3 6W--2e 2 I . ,, ■..,<,. 

J 1/ (1— e a sin*-0) J Jo 1/ (1— 8 sin 2 0) 

= 3^-[(2+« 2 )F(e, ia-)-2(l+e 8 )#(e, **)]. 
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/. From (1) and (6) by substitution we get, 

J* ]/(l-e i sm i ())sin 2 0dO=-^[(l-e i )F{e, i?r)-(l-2e 8 )£(e, in}]. . (8). 

f * 1 /(l-e 2 sin 8 0)sin 2 i!W='f * i/(l—e*sin*O)d0— f ' -i/(l-e»8in»tf)co?»#d#. 

J J * 

.-. From (2) and (8) by substitution we get, 
^"l/Cl-e'^sin^cos^^^-i-Cd+e 2 )^, i^-U-e 2 )^, in)] (9). 

Let w=l in (10 ), then A^.^-.A^-^A^ 



L 3- 



l+e 8 — 2ecos<p)* 



1 f 2 " cos3(pdq> 

-[(8 + 3e ! +4e i )F(e, i?r)-(8 + 7e 8 +8e*)E(e, Jar)] (16,). 



4 
15?re 3t 



From (4 ) we get 

"j" sin* Ml? 



,„ . ft" sin«0d0 , .,„ fl" sin 8 0cos 8 6«0 ,„ , /*** 
16e3 J T / (l-e 2 sin 2 ft) +12e J o 1 /(l-e 8 8in^)- 12e J, 



|/(l-e ! sin s #) 



„ /**» sin 8 Odd 1 r/t , , „ , , . , s „. , , 



-(8+7e 2 +8e*)S(e, 1 jr) (17,). 

.-. From (3), (6), (7) by substitution we get, 

"i" sin« Vdt) 1 



JT TT^^ r-w"^--^^^ 



,/ (l-e 2 sin 8 tf) 15e 6 

-(8 + 7e 8 +8e*)#(e, **)] .(10)- 

ffr sin 6 flrftf __ /•*» sin 4 fl<£g __ /H* ain 4 flcos 8 6'rifl 
J t/ (l-e 2 sin 8 0) ~ J o ]/ (l-e 2 sin 2 0) J j/ (l-e 8 sin 8 6>) " 

.-. From (5) and (10) by substitution we get, 



305 



Jo vTl-7J% - 1 fc-[(B-^-2e^MM^)-(8-7^-^)^,^)].(ll) 

/ 2 " sm* Ocas 2 Odd ft* sin^cos^rfff r^* _siv^Ocos*Od0__ 

o j/ (l-e 2 sin s f) ~ J 1/ (l-e*sin*0) J 0. 1/ (l-e^in 2 -?) ' 

.■. From (6) and (11) by substitution we get, 

fh" 8 in*0cos*0d0 1 .,,.„,,„ , N 

Jo l /(i-.»si ^r == 15r [(8 - 17 '' +9 '* ) ^ »*> 

-(8- 13e 2 +3e 4 )£(e, Jar)] (12). 

ffr sin^cos^rftV _ p" coa*0dO f*« cos^Odff 

Jo 1 /(l-e 8 sin 8 6') ~ J j/ (l-e 2 sin s 0) J j/(l-e 8 sin 8 #) 

.•. From (7) and (12) by substitution we get, 

-(8-27e 2 +34e 4 -15e 8 )^(6, Jar)] .... . .(13). 

(17 ) may be written as follows : 

;„ " , m +I2e I 1 /(l-e2 S in s tf)sin i! (?cos*0d0 
1/ (l~e 2 sin s #) J 

~ 3e Jo • (il.'ri-0'.g) •^ 1 sr[(8-+8.'-+4a«)fXi,t*)--(8 + W+8.«)^*,)]. 

.•. From (10) and (3) by substitution we get, 
J i/(l— e s sin a #)sin 2 0cos 2 &2# 



15e 



1 r [2(l-e»+«*)JSf(«, --J»r)-(2-8««+«*)*U **)] (14). 



f " y'(l-e*8in*0)sin»0coB*'5ld0= f * 1 /(l-e 2 sin 2 6')sin 2 6'd6' 
J ^ 

- f * 1 /(l- , « 2 sin 2 6/)sin 4 <?^=r" 1 /(l-e 2 sin 2 (?)cos' ! 6'd0 
•^ ' v 

- f * ,/(l-e 2 8in 2 #)cos*!m 
•/ 
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From (8), (14) and (9), (14) by substitution we get, 

f * y / {l-e 2 Bm e O)sm*8d0=:-j ^-j-[2(l+e 2 — 2e*)-F'(e, in) 

-(2+3e 2 -8e*)J?(e, J*)] (15). 

f * i/(l-e 8 sin 2 6')cos*6 , ^=:^ r i 1 -[2(l-4e 2 +3e*)F(e, J*) 

*/ 106 

-(2-7e 8 -3e 4 ).E(e, Jar)] (16). 

Let «=2 in (10 ), then J 4 4 ==f- : t^-.^ s -^ 2 . 

.-. ^ 4== _i 4 [(48+16e 8 + 17e* + 24e«)F(e, J*) 

1U07T6* 

-8(6+5e 2 +5e 4 +6e«)-B(«, *»)] (18 ). 

.'. By symmetry from .4 2 , .4 3 we get, 

o 7TS4n^=-Io4r-C(48+16e 2 H-17e 4 + 24ee)ir (e , J*) 

-8(6+5e 2 +5e* + 6e«)0(e, J a-)] (17). 

/» sin 8 flrf6 _ /'fr sin<W _ /+* sin* Ocos 3 Odf) 

J o i/(l— e s sin*0) ~~J 1/ (l-e 2 sin s 0) J i/ (l-e 2 sin 2 #) ' 

.■. From (10) and (17) by substitution we get, 

ft- sin60cos 8 lW# 1 rrAO ,„ , ni _ ._, t N 

J, •u^'^n^T^^o^-K 48 - 16 ^- 984 - 866 )^ **> 

-4(12-10e 2 -e 4 -e ti )f(e, Jar)] (18). 

ft* sin^c os^fldfl _ /•»» B m i t)<;os*0d0 f*° sin* faos* OdO 
J o ,/ (l-e 8 sin s 0) ~J i/ (l-e s sin 2 6') J 7 (1— e*sin»0J ' 

.•. From (11) and (18) by substitution we get, 

-2(8-12e 8 4-2e 4 + e«)S(e, Jar)] (19). 

[To bo Continued.] 



